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A perturbation method for the calculation of velocity and tempera-
ture profiles and skin-friction and heat-transfer characteristics for
two-dimensional, compressible lsminar boundary layers with heat transfer
and a small arbitrary pressure gradient is presented. The permissible
pressure gradients include those of a form and magnitude usually en-
countered over slender aerodynamic shapes in supersonic flight. The
method applies for any constant Rmndtl number, but results, aside from
special examples, are presented for a Prandtl nuniberof 0.72. For the
case of heat transfer, the w&U temperature is assumed constant.
~
.& A large number of universal functions are given in tabular form,
so that the amount of effort required in a practical.application is
reduced to the arithmetic combination of several tabulated values. The
u
computation procedure is summarized in a section entitled “JWIZICA!ITON
OF AN.KLYSIS.”
The combined effects of heat transfer and pressure gradient on
boundary-kyer characteristicsare demonstratedby applying the results




Interest in the characteristicsof the laminar boundary layer has
increased in recent years because, under certain conditions, the boundary
layer may remain lsminar over Mrge areas of airplanes and missiles.
For example, Van Driest (ref. 1) has shown theoretically that if the
solid boundary is cooled sufficiently, the laminar boundary layer can
be stabilized regardless of Reynolds number at Mach numbers between
1 and9. Sternberg (ref. 2) observed laminar boundary layers at Reynolds
numbers as high as 50x106 in flight tests of the V-2 rocket. Laminar
boundary layers may also be expected in flight at very high altitude




Solutions of the compressible laminar-boundary-layerequations for
the special case of zero pressure gradient have been obtained by several
authors. The theory of Chap and Rubesin [ref. 3), for example, pre-
sents a very simple method for calculatingboundary-layer characteristics
over a flat plate with arbitrary heat transfer. The more recent, and
in general more exact, studies of Klunker and McLean (refs. 4 and 5),
Van Driest (ref. 6), Young and Janssen (ref. 7), and Moore (ref. 8}
have demonstrated that the theory of Cha@an and Rubesin yields excellent
results for reasonably low ambient air temperatures at Mach numbers up
to about 5.
Solutions for the more general case of arbitrary heat transfer and
arbitrary pressure gradient are stilJ in an early stage of development.
Tani, in a little known paper (ref. 9), wed a perturbation procedure
to obtain direct solutions of the boundary-layer differential equations
with a Fallmer-Sksm type external velocity distribution (ue . Xm) and
heat transfer. Results are easily obtainable from tibulated functions,
but are Mmited to a Prandtl number of 1, small Mach numbers, and small
rates of heat transfer. Furthermore, the Falkner-Skan type of external
velocity distribution is not appropriate for supersonic flow over thin
wings. Ginzel (ref. 10), Kalikhman (ref. n), and Libby and Morduchow
(extension of ref. 12) have obtained solutions of the ccnnpressible
laminar-boundary-layerequations by an extended Po~usen method. How-
ever, the accuracy of the PoKIAausen method under conditions of heat
transfer at high speeds has not been determined. In addition, the smount
of work required in a particular application of references 10 and 11 is
prohibitive because the simultaneous numerical solution of two differen-
tial equations is required. Libby and Morduchow avoid this difficulty by
the additional assumption that certain variable quantities remain constant
over the entire length of boundary-layer development.
The puqnse of the present report is to present a method of solu-
tion developed at the NACA Lewis laboratory that is free of many of the
limitations of references 9 to 12. An accurate method for calculating
velocity and temperature profiles and sMn-friction and heat-transfer
characteristicsfor the compressible laminar boundary layer with heat
transfer and a small pressure gradient is derived. The permissible
pressure gradient maybe of a form and magnitude usuald.yencountered
over thin aerodynamic shapes in supersonic flight. The solution is
obtained by a method of perturbation on the flat-plate solution of
Chapnan and Fhbesinj it constitutes the first two terms of a Maclaurin
series expansion in terms of the free-stream velocity gradient parameter.
The method involves the direct solution of the boundary-layer differen-
tial equations. Although the theory applies for any’constant Prandtl
nuniber,tabulated results presented in this report apply, in generaly
for a Prandtl nuuiberof 0.72. For the case of heat transfer, results
are limited to an isothermal wall.
——
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Solutions of the first-order perturbation eqwtions are presented
in tabular form, so that the amount of effort reqyired in a particular
application is reduced to the arithmetic combination of several tabulated
values. A section of the report entitled “APFLICATIOIVOF ANALYSIS” is
included in order to facilitate the application of results in practicsL
applications.
The following
in addition to the
(1] The ratio
AMUMFTIONS AND LIMIWONS
simplifying assumptions and limitations are imposed
usual boundary-layer assumptions:
of the velocity at the outer edge of the boundary
layer ~ to a reference velocity ur canbe represented by
%
—= l+&a@2J%? (1)
where the repeated index N indicates a summation over several values
of N. (All symbol.sused in this report are defined inappenti A.)
In equation (1) the quantity aN# represents the shape of the deviation
of Ue from a constant value, while s represents the magnitude of
this deviation. The quantity & is assumed small as compsred with
unity, whereas the quantity aNxN is of normal order of magnitude.
This type of external velocity distribution is capsble of representing
in form and magnitude those encountered over thin aerodynamic shapes at
Mach numbers greater than 1.
(2) The temperature of the solid boundary is constant under condi-
tions of heat transfer. (Under conditions of zero heat transfer the
wall temperature will be a calculated function of the pressure dis-
tribution.)
(3) The viscosity and temperature are related linearly by the
folLowing expression:
(2)
Chapan and Rubesin have shown that solutions of the boundary-layer
equations based on equation (2) agree well with more exact solutions
for flat-plate flows at lhch nunibersless than 5 if the constant C is
detemnined by matching equation (2) with Sutherland’s relation at the
solid boundary
—-..——— —— —— -— —— — —.
—.
4 NACA TN 3028
(3) -
This assmnption should also be reasonable for flows with slight stream-
wise pressure gradients, especially when the waU temperature is constant.
For a nonisothermal wall an average wall temperature should be used in
equation (3)J as suggested in reference 3.




The restriction im~sedby this assumption is not
great because both Pr and ~ vary only slightly at moderate tempera-
tures. A Prandtl number of 0.72 was used in all calculations.
GOVERNING EQUATIONS
Differential eauations and boun~ conditions. - The eauations
governing the stea& laminar
.
flow of -
thin boundary layer are the momentum
a viscous compressible fluid in a
equations
the equation of continuity
the energy equation
p Cp(utx +
and the equation of state
?=-$
%=
& + * (WJy (4a)
o (4b) “
,
(pu)x + (pY)y = o (5)
tiy) = Upx + (~y)y + V(%)2 (6)
P = PRt
The following boundary conditions are
‘energy equations:
(7)





t(x,O) = ~ (heat
ty(x,O) = O (zero
transfer)
heat transfer)
At the outer edge of the boundary layer,




The energy equation that applies at the outer
is
2






velocity and pressure ar”e
(9)
edge of the boundary layer
(10)
Transformation of Howarth. - In reference 13 Howarth introduced a
transformation which, when applied to the momentum and ener~ equations,
yields equations similar in formto the incompressible-boundary-layer
equations. First, it is convenient to introduce the dimensionless
variables
P = P/Pr ti= U/Ur
t% = t/tr V*= VI% 1 (ILP*=P/Pr P*= Plh
Howarth’s transformation proceeds as follows: The independent variables





where n distorts the scale in the direction normal to the surface.
The derivatives with respect to x and y canbe expressed as
.
. .——. ——.—— .-———. .—— -—
— — — .——~—
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Equation (5) is satisfied by a stream function defined as follows:
p* u* = *Y
p* +=-*x
The stresm function $(x,y) can be related to a transformed
function q(x,n) by
V(%Y) = e Q(x,n)






(UrI@iF 9X .-v=- P* (1.5)
equations (2)j (7)) (9)> and (12) to (E) into equation
momentum equation in the transformed (xjn) plane







~ +(y-l) t* Qn (17)
———
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The following boundary conditions apply to equations (16) and (17):
Q(xjo) = o Qn(x,=) = Ug
q)n(x,o) = o
t*(x,O) = t?$(heat transfer)
~(x,O) = O (zero heat transfer)
t*(x,=) = tg
HmTmwTIoN ANALYSIS
Expansion of momentum and energy equations in powers of e. - For
the special case of u~ = 1 (zero pressure @adient), equations (16)
and (17) become identical to the momentum and energy equations solved
by Cha_ and Rubesin. It therefore appears logical to let @ differ
from unity by a small amount in order to obtain a perturbation solution
for flows with small pressure ~dients. As discussed under ASSUMPMONS
AND LIMITATIONS, the external velocity at the outer edge of the boundary
layer is taken to be of the following form:
*=
‘e l+&aN# (1)
Substitution of equations (1) and (7) into equations (9) and (10) and
elimination of higher-order terms yield:
(18)
and
Within the boundary layer the stream function and temperature are
replaced by their Maclaurin series expansions in terms of the velocity
gradient parameter G:
p(x)n,e) = @(xjn) + &aN5N(x}n) + # ~=~(x,n) + . . . (20)
t*(xjnj&) = ~(x,n) + &aN~N(x,n) + &2 am ~~(x,n) + . . . (21)
——.——.—— ——
—_— -—.—.—-——. .—
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A sequence of momentum and ener~ equations is obtained by substitution
of equations (1) and (18) to (21) into equations (16) and (17), and by
equating coefficients of like powers of 6. The zero-order equations,
obtained by equating coefficients of (e)”, are:
and
F(x,o) = Fn(x,o) = o @n(x,=) = 1
(22)
(23)
%(x,O) = ~ (heat transfer)
%JX,O) = O (zero heat transfer)
Z(X,=) = 1
Equating coefficients of s yields the first-order equations:








@x ‘% &r ‘%nn-—
2 ~t-n+(y-l)z%[ 1Fn (25)
The higher-order equations are obtained by equating coefficien:s .
of 62, &3, and SO forth. If it is assumed that the functions ~, ~, @,
.
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and so forth, and the functions ;, t, t, and so forth, are of the same
order of magnitude, then, since e is pstulated to be small, all
additional contributions will be of second or higher order and hence
may be neglected in a first-order treatment. Further justification for
neglecting the higher-order equations comes from reference 14, where it
is shown that for i~compresgible flow the function ~ is numerically
much smaller than (p and q. The second-Qrder terms therefore should
contribute very little to the solution of the boundary-k.yer equations
for flows with small pressure gradients.
The permissible magnitude of the pressure gradient depends largely
on the length of run over which it acts. For example, a very small
pressure gradient can cause laminar separation if it acts over a large
distance. The present method can be applied only if all the deviations
in boundary-layer characteristics caused by the pressure gadient are
small. ,
The only dependent variable appearing in equation (22) is ~, so
that the solution of this equation is independent of all.following
equations. l?uthermore,.each succeeding equation involves only one
new dependent variable, so that each equation can be solved in principle
once the preceding equations have been solved. Equations (22) to (25)
still contain two independent variables, however, and require further
reduction to make them smenable to solution.
Solution of zero-order equation. - The zero-order equations may be
transformed to ordinary differential equations by introduction of the
Blasius characteristic variable ~:




~(x,n) = ~ f(n) (27)
The temperature in the x,n-coordinate system is equal to the tempera-
ture in the q-system
Z(x,n) = ;(q) (28)
With the aidof equations (26), (27), and (28), equations (22) and (23)
can be written
f‘“ + ff” = o (29)
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where the primes indicate differentiationwith respect to q. The
boundary conditions of f and t are
f(o) = o f’(co]= 2
f’(o) = o
3(0) = %* or Z’(O) = O
(30)
“Equation(29) is the well-known Blasius equation which has been solved
by several investigators. In order to eliminate ~ as a parameter in
the solution of equation (30), this equation is split into two parts in
the following manner:
~(q) = l+~~2r(q) +Ks(v) (31)
where r(~) and s(q) satisfy the following equations:
(32)
s“ +Rfs’=o (33)
The following boundary conditions are applied to equations (32) and (33):
r’(0) = O r(~) = O
s’(o) = - [f’’(o)]~ S(co)= o
Although the solution of equations (32) and (33) can be written in terms
of quadrature, as shown in reference 3, the numerical solution of the
differential equations was found more convenient. Numerical solutions,
as discussed in appendix B, were made by Lynn U. Albers.
The functions f“(0), r(0), s(O), md s’(0) are listed in
lxibleIj all other functions resulting from the solution of the zero-
order equations can be found in table II. The constant K (eq. (31))
is related to the rate of heat transfer and hence to the wall tempera-







where the wall temperature ratio ‘~ = ~ is, in general, prescribed.
r
For the case of zero heat transfer, K vanishes.
Solution of first-order equations. - The first-order momentum and
energy equations can also be transformed to ordinary differential equa-




\(x,n) = - (T-1) &xNhN(T) (zero heat transfer) (36)
~(x,n) = - (T-1) &XNH~~) (heat transfer) (37)
Equations (24) and (25) are now written
g; ‘f~-2Nf’~+(2N+ l)f”gN
and
% + m%i- 2R ‘f’hN
[
=R4N+2




~(v) satisfies the same equation as is satisfied by
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gn(o) = o gfi(co)= 1
q(o) = o
q(o) = o
~(=) = 1 (zero heat transfer)
HN(0) = O HN(m) = 1 (heat transfer)
The solution of equation (38) can be obtained in closed form for
the special cases of N = - ~ (ref. 15) and N = O (see appendix
In the general case, however, the equation was solved numerically.
order to obtain a numerical solution which applies over a range of
numbers and heat-transfer rates, the parameters ~ and K were




where the three new functions satisfy the following equations:
~ + f% - 2Nff
~ + (2N + 1) f“gm=-4N
2Nf’g& + (2N+ 1) f“gw=~ [flf” - 4(y-l)r]
fg~ - 2Nf’g~ + (2N+ 1) f“g~= - 4NS
13@) = gfii(o)= o (i = 1,2,3)








The first-order ener~ equation can be solved in closed form for N = - ~
(ref. 15) and N = O (appendix C). For zero heat transfer, a closed
form solution of equation (39) for Pr = 1 can also be obtained for all
values of N, as shown in appendix D. For other cases the solution
of equation (39) is again found numerically after several parameters
have been eliminated by replacing the equation by the following system:





~+ti~-2~Nf’ ~ = 1% p2N + l)~r’
%2 + m %2 - 2fi N%2
h~i(0) = O h~(=) = 1
‘N2(rn)= O
Equations (44) to (46) apply for the case of zero



















~2(7), but~e subject to modified boundary
functions in equation (47) satisfy the fol-
‘& [ (- )+PrfH&2RNf’~=l?r (2N +1) = ~ ++r’g





2~ Nf’HN~ = Pr (2N + 1)
HNi(0) = O H~(e) = 1 (i = 1,2,3,4,5)
%.&=) = ~(”) = %4(=) = H-#) = o
The elimination of ~ and K as ~eters in the first-order
equations has thus yielded ten equations for each value of N. These
.———.—- . ...—..— .. .—
—.—
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equations were solved numerically for N = 1, 2, and 3, as discussed in
appendix B. The functions gfi,which represent the first-order velocity
corrections, and hN and HNj which represent the first-order tempera-
ture corrections, are presented graphically in figures 1, 2, and 3.
Tabulated results of all solutions of the first-order equations can be
found in tables III, IV, and V. Initial values are also tabulated in
table I.
.
The solutions of the zero- and first-order equations can now be alw
combined to yield velocity and temperature profiles, sldn-friction and m(u
heat-transfer coefficients, recovery factors, and displacement thickness.
BOUNDARY-LAYER CHARACTERISTICS
Velocity and temperature profiles. - The dimensionless velocity u*
is related to the characteristic variable TI through equations (15),
(20), (27), and (35) in the following manner:
From
file
; f’(q) +u*g —
equations (21], (28), (31), and
can be expressed in terms of TI
& aN~ gfi(?) (51)
(36) or (37), the temperature pro-
as
(52)
for the case of zero heat transfer. For flows with arbitrary heat
transfer, the following expression applies:
y-l
t*sl+Ks(V)+~ & ~(~) - 2& @HN(v)l (53)
Equations (51), (52),
ture profiles as functions
(x,y-) plane, according to
Y=
and (53) represent the velocity and tem~ra-
Of q. The transformation to the physical
equations (12) and (26), is
(54)
The value of t* can be obtained from equations (52) or (53), while
p* is givenby equation (18). Thus, for zero heat transfer,
NACA TN 3028






(y-l) 6 ~xN ~ ~@_l)
Skin friction and heat transfer. - The shea~
in the boundary layer can be obtained from equations
d
(56)
stress at a point
(2), (B), and (15):
(57)
In terms of the Bla.siusvariable q and after substitution of equa-
tion (18) for p*, equation (57) becomes
Local and average sldn-friction coefficients are obtained from the wall









%’=1 1 s‘w dx (60)~pru:x
o
skin-friction parameter is obtained from equations (58) and (59):
[{
Re 1Cf ~E~ $ (]}f“(o) +2&a#’J [y(o) -: f“ o (61)
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Fc&- = f“(o) + ::< p -: * f“(o)]
The local rate of heat transfer from the surface is given by
A dimensionless heat-trsmsfer parameter can now be written
[
(T-1)# &# Hfi(0)+ 1)-Ks’(O)2(T-1)










Temperature recovery factor. - The temperature recovery factor is
derived from equations (19) and (65):
t$w - tg
‘R=@-t~ [ 1Sr(0) + 2E a~ 1 - hN(0) - r(0) (66)
It is evident from the computed results that h~(o) varies very little
with N and is approximately equal to 1 - r(0). With the aid of equa-
tion (4+4),equation (66) is therefore reduced to the following:
Jj’R9r(()) - 2& a#N#hN2(o) (67)
Displacement thiclmess. - The boundary-layer displacement thickness
is, by definition,
.
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With the appropriate expressions for p*, t*, and u*, equation (69)
becomes, for flows with heat transfer,
(68)
(69)




1.1o94 (T-1) ~] + & a~N [~ + (T-I)




and ~ is replaced
The relation between the functions appearing in equation (71)






Before the results of the previous section may be applied it is
necessary to determine the quantity e , the coefficients aN~ and the
reference conditions. The quantities & and ~, which represent the
~,






respectively, of the external velocity distribution,
potential-flow theory or from experimental measure-
results of this reprt apply primarily to the flow
over thin two-dimensionalwings at Mach numbers greater than 1, & and .
aN as obtained by linearized theory (ref. 16) will be presented herein.
It is assumed that the coordinates of a wing section are known and can
be fitted by a ~lynomial of fourth or lesser de~ee:
Y = blx + b#2 + b3p + b4x4 (72) ~
N
The values of &, aN, and ~ are obtained by matching the expression











If the velocity distribution over the wing were known experimentally, the
starting pint of the calculation would be equation (l), with ~, .s,
and aN determinedly fitting a polynomial to the measured velocities.
If, in a particular application, ~ or ~ is much smaller than 1,
then that term need not be included in the solution.
The reference Mach number and temperature are obtained from equa-








——— ..—- — _—_ _______ __ ___ ____ _
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The results of the analysis will now be summarized as they are
needed in a particular application. In the following equations the
functions #(v), hn(~), and Hn(TI) frequmtly appear. They are
related to the tabulated functions in the following manner:
(75)
The constant K is related to the given wall temperature for flows
with arbitrary rates of heat transfer:
{
1 % ~ T-1 2
K=——-
}






r(0) appear in table I; (For flows with zero heat
profile is given by
(51)
where the repeated index N
N. The temperature profile,
t T-1
~=1+ 2
indicates a summation over all values of
for zero heat transfer, is
and for flows with heat transfer, is
t
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These profiles can be obtained in terms of the physical variable y by
the following relations between q and y: (a) for zero heat transfer,
(b) for arbitrary rates of heat transfer,
me functions f, r> and s appear fi table II. me ~ctio~ g
appear in table ~; h, in table IVj and H, in table V.
The constant C is defined by
L~ (tr + 216° R)c = q tw + 216° R)
(56)
where ~ is @ven for flows with heat transfer, while for zero heat
transfer a mean value of the adiabatic wall temperature is used. The
adiabatic _ temperature is
The temperature recovery factor is




The following results were found for local and average skin-friction
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where
baw
All initial values [f’’(O),etc.]





are tabulated in table I. The dis-
arbitrary heat-transfer rates is
For flows with zero heat transfer, K will vanish and ~ is replacedby
~ in the last equation. (Values of
~> ~, md ~ canbe found in
table VI.)
The results of this analysis are not necessarily limited to the
integral values of N for which calculations were made. Interpolation
of the results presented in the tables wiIl yield valid
values of N. Values for N = O are included in order
this interpolation (see appendix C and table I).
The equations presented in this section apply slso





equal to the undisturbed free-stream conditions.
DISCUSSION OF EXAMPLES
The results of the previous section were applied
tive wings in order to determine the combined effects
pressure gradient on boundary-layer characteristics.
views of the forward prtion of these wings are shown
to two representa-
of heat transfer and
Cross-sectional
in figure 4. The
—.— —..—
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first of the two wings has a constant adverse pressure gradient, while
the second has a constant favorable pressure gradient. A maximum thick-
ness ratio of 0.05 and a free-stresm Mach number of 3 were chosen for .
the wing segnents of both examples. The velocity and temperature dis-
tributions at the outer edge of the boundary layer are shown in figure 5.
The local sldn-friction parsmeter cf- for both representative
wings, computed by the present method, is presented in figure 6. The
effect of pressure gradient in the absence of heat transfer [:)= o]
is to decrease slslmfriction for flows with adverse pressure gradients,
and to increase skin friction for flows tith favorable gradients. (For
flows with zero pressure ~dients, cf~~C= 0.664 for all values of
x as indicated by a dashed line in,the figure.) The effects of pressure
gradient are accentuated by adding heat to the boundary layer. For the
present exsmples, the aforementioned decrease and increase in sldn fric-
tion is doubled when the wall is heated to approximately four times the
ambient air temperature. fificient cooling at the wall, on the other
hand, a~ears to reverse the trend of the pressure gradient alone. Thus,
for a wall temperature approximately equal to one-fourth the ambient air
temperature, there is a slight increase in sldn friction for flows with
adverse pressure gradients whereas there is a decrease in the case of
favorable pressure gradients.
w, as shown in figure 7,
The average friction drag parameter
exhibits the same trends as the local
skin friction.
The friction-drag parameter ~~~ is useful because it applies
at all flight altitudes, and the actual velocity, density, and tempera-
ture need not be specified a priori. On the other hand, It is a mis-
leading parameter, because the viscosity-temperat~ dependence factor
C, which is a function of the wall temperature ratio, is affected by
the rate of heat transfer at thawall. For this reason, the average
friction drag coefficient multiplied by @ was found for the two
representative wings at conditions existing at 35,000 feet, as shown in
figure 8. The rate of change of friction drag along the surface is
nearly the same as was shown in figure 7. The relative magnitudes of
the friction drag curves are altered, however, so that the highest drag
is found for the cooling case, while the lowest drag is obtained with
the hot wall, regardless of the type of pressure gradient.
The heat-transfer Brameter Nu/-/= for the two representative
wings is plotted in figure 9. The local rate of heat transfer was found
to increase along the wing when the pressure gradient and wall tempera-
ture were such that the skin friction decreased and vice versa.
The temperature recovery factor, as plotted in figure 10, was found
to vary slightly as a result of the pressure gradient. The variation is
NACA TN 3028 23
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of the same order of magnitude as the pressure gradient, and hence a
much larger change might be expected for larger pressure gradients.
On the other hand, the variable term in the expression for the recovery
factor (eq. (67)) is proportional to the square of the lkch number and
would be unimportant at low speeds. It is therefore not surprising
that recovery factors obtained by the present method do not agree with
those obtained in reference 17, where the variation of fluid properties
was neglected.
Velocity profiles at the midchord pint (x= 1) of the two wings
are presented in figure 11. The effect of heat transfer on the local
velocity in the boundary layer is seen to be quite large - there is a
marked thinning of the boundary layer when heat is extracted and a
thickening when heat is added. Although the local velocity and its
first derivative are altered only slightly because of the pressure
gradient, the local.curvature of the profiles appears to be affected to
a greater extent. In particular, the profiles for zero heat transfer
and a hot wall have an inflection point when the pressure gradient is
adverse; whereas no inflection point is evident when the pressure
gradient is favorable, even when the wall temperature is four times
the ambient air temperature. In general, a velocity profile without
an inflection point indicates greater laminar stability than one having
an inflection point. (The shape of the temperature profile, however,
also affects the criterion of stability.)
Although the local velocity near the outer edge of the boundary
layer did not exceed the free-stream velocity, as discussed in reference
18, the functions g’(~) are of a form indicating that such an over-
shoot may exist for slightly larger pressure gradients. (See fig. 1.)
Temperature profiles for the example wings are plotted in figure 12.
These profiles do not differ greatly with the two different pressure
gradients. The effect of heat transfer is quite large, however, as is
evident from a comparison of the extremely thin profiles when the wall
temperature ratio is 0.25 with the relatively thick profiles when this
ratio is 4.
The ratio of the displacement thiclmess along the example ~ngs 5*
to the displacement thictiess along an equivalent flat plate ~ is
plotted in figure 3.3. The displacement thiclmess is found to be less
than the flat plate value for the adverse pressure gradient and ~eater
for the favorable pressure gxadient. This behavior is opposite to
the trend found for incompressible flow and can be explained as fo120ws:





P 1.72 + 4.02 K + (T-1)(1.~) ~
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For incompressible flow and zero heat transfer, equation (76) reduces to .
- 2.6 & aNxN
E=l
In a favorable gradient (&aN# positive), 5*/~
equation (77) decreases; whereas the ratio increases







is essentially an effect of the change in local Reynolds number caused
by the change in the external velocity.
As the Mach number is increased, however, the term ~<Ga#
in equation (76) becomes of im~rtance. TMs term is related to the -
change in density at the outer edge of the boundary layer. Its sig-
nificance maybe qualitatively determined by supposing for the moment
that viscosity maybe neglected andby consideration of the two-
dime~ional compressible vorticity trans~rt equation for an inviscid
fluid
(78)
This expression shows that the vorticity changes in the same sense as
the density. In a favorsble pressure gradient, therefore, the vorticity
will decrease along the wing because the density decreases along the
wing. A decrease of vorticity in the boundary layer tends to thicken
this layer.
If the complete equation for a viscous fluid is considered, there
may be two opposing effects which occur at high Mach numbers: The
effect of a favorable pressure gradient on Reynolds number (and hence
viscosity) tends to thin the boundary layer; at the same time, the effect
of the fawrable pressure gradient on the vorticity directly tends to
thicken the boundary layer. (A similar argument applies to adverse pres-
sure gradients.) At a sufficiently high Mach number this second effect
will predominate, as was found in the case of the present examples. For
the case of constant pressure gradients and zero heat transfer, it can
be shown that the aforementioned reversal of trends in the functian
5*/6;p occurs at a Mach number of 1.76.
If the Mach number is further increased, the thickening or thinning
of the boundary layer will also affect the slope of the velocity profiles
at the wall and hence the skin friction. For smsXl constant pressure
gradients and zero heat transfer, the sktn friction trends are found
to reverse at a Mach nuniberof 4.71.







‘Theeffect of Prandtl number on the local frict~.ondrag parameter
over the wing with the adverse pressure gradient is shown in figure 14.
At midchord, a Frandtl number of 1 yields a friction drag coefficient
4 percent lower than a Ikandtl number of 0.72 when the wall.is insulated.
A solution for a Prandtl nwiber of 1 for flows with heat transfer was
not obtained, but it is expected that the effect would be considerably
larger than the 4 percent found for flows.with zero heat”transfer.
As a check on the accuracy of the present method, the solution
for fiandtl number 1 and zero heat transfer was compared with an exact
solutiou of Howarth (refs. X3 and 14), which applies even at pressure
gradients as large as required for separation. At the midchord station
the local friction drag parsmeter agrees within 0.7 percent with that
obtained by Howarth.
CONCLUDING
A method for the calculation of compressible lsminar boundary layer
characteristics for flows with heat transfer and small arbitrary pressure
gradients is presented. This method was applied to the flow over two
representative wings - one with a constant adverse pressure gradient, “
the other with a constant favorable pressure gradient. The investiga-
tion led to the following conclusions: It was found thdt the deviations
in skin friction caused by the pressure gradient were magnified when
the wall was heated and reduced when the wall was cooled. ‘Large amounts
of cooling were found to reverse the rate of change of skin friction
along the wing caused by a pressue gradient alone.
Local rates of heat transfer were found to vary in Mrect o~si-
tion to the sldn friction: If the pressure gradient was such that the
shearing stress decreased along the wing, then the heat-transfer rate
increased, and vice versa.
Temperature recovery factors were found to be affected by the pres-
sure gradient. The percentage change in recovery factor along the wing
was somewhat smaller thsn the percentage change in the external velocity.
The displacement thickness at a lkch pumber of 3 was found to be
greater than the displacement thiclmess of an equivalent flat plate
when the pressure gradient is favorable and less than the flat plate
displacement thickness for the adverse pressure gradient. This result
is opposite to the trend found at low speeds.
Lewis Flight Propulsion Laboratory
National Advisory Committee for Aeronautics
Cleveland, Ohio, August 19, 1953
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APPEND- A
SYMMILS























arbitrary constants (eq. (C2))
report:
a measure of the shape of the external velocity distribution
function appearing in equation (71)
arbitrary constants (eq. (76))
constant of proportionality in viscosity-temperaturerelation
1
average friction drag coefficient= , 9 r =W ax
~~r4xJo
=Wlocal friction drag coefficient= ~
~Pr$
specific heat at constant pressure
temperature recovery factor
solution of zero-order momentum equation
function defined in equations (C4.)and (C7)
solution of first-order momentum equation
heat transfersolution of first-order energy equation with
solution of first-order energy equation without heat transfer
factor describing heatitransfer conditions (eq. (34))
thermal conductivity
Mach number
~nent fi free-stre~ velocity ~stribution~ (u:= 1 + &aNxN)
C+X*
7Nusselt number = ~ ‘~ ~
transformed variable
Prandtl nuniber= P ~k


























local rate of heat transfer
gas constant










distance along surface measured from leading edge
normal coordinate of surface
distance from surface measured perpendicular to surface
functions appearing in equation (71)







a measure of magnitude of velocity dis-
edge of boundary layer















e conditions at outer edge of boundary layer
FP equivalent flat-plate value
r reference condition
w cond.itiom at wall or surface
w undisturbed free-stream condition
x,y,n partial differentiationwith respect to x, y, or n
M value of function corresponding to given value of M






with respect to q
Special Notation
indicates the order
(A single bar signifies a zero-order quantity,
equation (n)
of approximation.
double bar signifies a
first-order qmtity, etc.)
L




\ A repeated index N appearing on a and one or more ther symbols
1
indicates sumation: [1 +e a~NS 1 + G(alx + a2x2+ . . .).
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APPENDIX B
NUMERICAL SOLUTION OF D~ EQUATIONS
By Lyon U. Albers
Each of the ordinary differential equations for f, r, s, g, h, and
H with its associated boundary conditions at zero and infinity con.
stitutes a two-pint boundary value problem. With the exception of the
Blasius equation all equations are linear, and the principle of super-
pxitions of any two solutions maybe used to satisfy the boundary
conditions at infinity. Usually, two solutions close to the correct
one were used in the final combination in order to minimize round-off
errcrs. All integrations were performed on the IBM Card-FYogrammed
Electronic Calculator. The combination of solutions and rounding to
four decimal places was accomplished on the IEM Type 604 Calculating
Funch by using general purpose floating-pint control panels.
The integration technique will be described for the g problem,
but it willbe applicable to all the other problems with slight modifi-
cations. If g’”(q) is given at five values of ~, a fourth-degree
polynomial in v may be passed through the set of values; and if g,
g’, and g“ are known at the fifth ~int, the polynomial representa-
tion of g’” may be integrated to yield g, gl, and g“ at the next
(sixth) point. These quantities may then be substituted in the dif-
ferential equation (41) to yield g’” at the sixth pint. Thus, by
using the five previous pints, the integration may be extended one
step at a time.
The integration was initiated with an assumed trial value of g“(0)
and a value of g’”(0) calculated from the equation. This value of
g“’(0) was also used as a first estimate of g’” at the next four
points. The fourth-degree plynomial representing g’” over this range
was then integrated to yield g, gl, and g“ at the second point.
Substitution in the equation then yielded a better estimate of g’” at
the second point. Integration of the fourth-degree polynomial rep-
resentation of g’” from zero to successive points was alternated with
substitution in the equation to improve values of g“’ in an iterative
fashion until convergence was obtained at the five initial points.
It was found that when g’ was close to its boundary value at
infinity, the regular integration process encountered oscillations in
the function g’”. To avoid this phenomenon, a procedure analogous to
the starting procedure was used in an iterative manner. This smoothing
process was used from q = 3.4 on. Integration was carried to a point
which would yield four-decimal-pint accuracy in the value of g“(0)
and in the g’ and g“ data.
/.
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All integrations were performed using a step size of 0.1. Sub-
sequent investigation of the effect of step size indicated that tabular
values of the functions f, r, and s are correct as presented in
table II, while the functions g, h, and H maybe in error by 1 in
the fotih place.
.
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Physically, the solution of the first-order equations for I?= O
i: of little interest because the external flow representedby
‘e = 1 + & is simply the flow over a flat pktej the term & arises
because the reference velocity is taken slightly different from the
stream velocity. In practical applications, flat-plate flows would be
handledby the zero-order solutions. The case of N= O maybe of
academic interest, however, in addition to supplying limiting conditions
for cases of N~O.
The first-order momentum equation (eq. (38)) for N= O becomes
(cl)g;l + f g;l + f“gol= o
.
13&) = 1
The functions %2 ‘d %3 vanish identically. The general solution






coefficient of ~ in equation (C2) was given in reference 19.
boundary conditions it canbe found that Al= ~ = O =d
Therefore,
%1(7) = : (f + f’~)





—. —-..— ————. _.—
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Equation (C4) is a first-order linear equation in ~. The solution
satisfying the boundary conditions is
The function %2 is identically





equal to zero. For flows with
the following equations arise for
2-
‘:4 ‘R fH64=sgos’ = G4(7)
qJo) = o




%+) = 1 %34(=) = o
%2=%3 =%5’0






[f’’(e)]-R Gl(e) de u -
n o
Similarly, the solution of equation (C7) is









J’ Eq34(9) = - [f”(mfi J [f’’(@)]-fi G4(e) de d~+
7 0
.-
The function ~(~) is again obtained by a linear combination of
~l(?)’~d ~4(TI) fithefo~o~u~er:
HO(TI)=
Values of %(O) and I%(O)
integration and are listed in
,
~J7) + : H()&l) (Clo)
for PC = 0..72 were obtained by numeri~l
table I.
—.- —.
— . . . . .—— .—
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ATPENOIX D
SOLUTION FOR 1% = 1
In order to establish the effect of Prandtl number on skin friction
and to provide a basis for comparison with other solutions, some of the
ener~ equations were solved for the special case of Pr = 1. The
solution of the zero-order energ equation for l% = 1 is






The solution of the first-order
is, for Pr= 1,
and
= 2- f’(v) (D2)







The linear combination of equations (IX) yields
hN(~) =;f’ [gh + ~ @T2] . “
.
(D4)
The function ~ is independent of Randtl number, and hence the
values appearing in table III apply for aid.Randtl numbers. The
function g12 was calculated numerically for a Prandtl number of 1,
and results of this calculation appear in table VII.
The complete solution of the first-order energy equation for
Fr = 1 and flows with arbitrary rates of heat transfer was not found.
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‘IX8LEI. - mTIAL VALUES
Cfi, 0.72j y, 1.4
f“(o) = 1.3282 r(0) = 0.8477
s(o) = 2.0748 s’(O) = -1.2267
N=O Ii=l N=2 N=3
&J&(o) 0.9962 4.0821 6.3546 8.2879
E$Z(ol o .2807 .5847 .8717
~(o) o 5.0447 8.9738 12.4065
~(o) o.1523 0.1524 0.1526 0.1528
~#) o .0085 .0123 .0146
~ro) 0.0904 0.1479 0.1802 0.2042
~2(@ o .0082 .0145 .0195
~(o) o -.4201 -.2200 .0899
%4(O) 105326 5.5574 8.6985 ~.3879
~(o) o 5.3452 10.1820 14.5535
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TPBL2 IV. - Continued. SOLUTIONS OF F~T-ORD~ ENEROY EWAITON FCR ZENO NEAT TRANSFSN
[1+,0.72;y, 1.40]
































.0374 1.4934 .0394 l.:.;:
.8864 .0409 1.6025 .0297
la 1D51O .0433 1.6847 .0183 .6830
1.3 la2a4 .0445 1.7390 .0063
1.4 1.3979
.4044





































.0111 1.2743 -.0324 -.5432
















































4.6786 -.0047 t -.0072
:;
1.0017 -.0004
4.7787 -.0048 1.0011 -.0002 -.0048






5.0789 -.0048 1.0003 .0000 -.0014
4.5 5.17139 -.0048 1.0002 .0000
52789
-.0008
::$ -.0048 1.0001 .00005.3789 -.0040 1.0001 -.0005.0000
4.e 5.4789 -.0048 1.0001
-JJO03
.0000
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MBITRAM RATES OF BE4TTMNSFER
[Pr,o.7zjy, 1.40] ~
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TKEm v. - Continued. 8WllItOH8 OF KCEWT+HDER EREXKX M$IA!CZOH FOR
ARBmRmY RmE80FItwr TRAE8RR
[Pr, 0.72;T, 1.40j




n % %.2 % %4 % H
o 0.2.002 0.0145 -0.2200 0.6985 10.1820
.1
a












-0926 1.4932 8.0108 9.2336 2
1.8462
:2
.0745 1.4771 7.4464 8.3668 2
1.8787 .0472 13366 6.6905 7.3248
.7
2
1.8273 .0143 1.1015 5.7539 6.0700 2
1.7019 -.0205 .8017 4.6607 4.6490
:;
2





1.0086 -.1030 -.2021 .8433 .0071 2
1.2 .7223 -.1154 -.4901 -.4432 -1.4456 2
1.3 .4356 -.1186 -.7244 -L6506
-2.7499 2
1.4 S637 -.1133 -.8953 -27328
-3.8598 2
1.5 ‘.0803 -.1008 -.9989 -3.6519. -4.7432 2
1.6 -.2868 -.0829 -1.0374 -4.3809 -5,3830 2
1.7 ‘.4498 -.0618 -LO179 -4.9051 -5.7775 2
1.8 -.5671 -.0398 -.9513 -5.2224 -5.9390 2
1.9 -.6404 -.0187 -.8506 -5.3422 -5.8915 2
‘.6’738 .0001 -.7292 -5.2842 -5.6674
H
2
-.6735 .0157 -.5996 -5.0754
2.2 ‘.6467 .0275
-5.3047
-.4722 -4.7476 -4.8427 z
2.3 -.6007 .0355 -.3547 -4.3343 -4.3198 2
2.4
-.5421 .0401 -.2522 -3.8683 -3.7703 2




.0409 -.1oo3 -2.8920 -2.7019 :
2.7 -3453 .0383 -.0503 -2.4271 -22219 2
2.8 -.2848 .0347 -.0150 -3..9985 -1.7939 2
2.9
-2?305 .0304 .0081 -L6157 -1.4225 2
3.0
-.1832 .0258 .0216 -1.2829 -1.1084 2
3.1






.0138 .0284 -.5787 -.4737 2
3.4 -.0613 .0107 .0253 -.4292 -.3452 2
-.0448
R
s)::: .0214 -3131 -.2476
-.0321 .0174 -.2245 -.1746 :
3.7 -.0227 .0044 .0136 -.1587 -.1214
3.8 -.0157 .0031 .0103 -.1096 -.0826 :
39 -.0107 .0022 .0076 -.0750 -.0556 2
4.0 -.0072 .0015 .0056 -.0506 -.0369 2
4.3. -.0048 .0010 .0039 -.0336 -.0242 a
-Q 031
::
.0007 .0027 -.0217 -.0154 2
-s020 .0004 .0018 -.0140 -.0098 2





.0001 .0005 -.0034 -.0023 ;
4.7
-.0003 .0000 .0003 -.0021 -.0014 2
4.8 -.0002 .0000 .0001 -.0012 -.0008 2




.0000 .0000 -.0002 -.0001 :
5-2 .0000 .0000 .0000 -.0001 -.0001 a
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-E VI. - ASYMPTOTIC VALUES
APPEARING IN EXPRESSION FOR
DISPLACEMENT TEICKNESS










































































TABLE VII. - SOLUTION OF FIRST CIRDEFiMOMENTUM EQUATION

























































































































0 1 2 3 4
? l-l 7
‘%h” (b) ~~. Pr, 0.72j y, 1.40. (c) *. Pr, 0.72; T, 1,4+3.
Figure 1. - variation of functlona
%1
with characterlatic variable ~.
2
1







0 1 2 3 4
Figure 2.
- Variation of I’unctiom ~i with chm-acterimtic ~ble q.
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,(b) ~2.








Variation, of functlone ~i with characteristic variable q. M, 0.72; r, 1.40.








(a) Airfoil with adversepressuregradient.
.2 .4 .6 .8 1.0
Distance from leading edge, x
(b)Airfoilwith favorablepressuregradient.






























—= 7- 1 ~
tr 1 - 0.llo x
o .2 .4 .6 .8 ~ 1.0
Distance from leading edge, x
(b) Favorable pressure gradient.
Figure 5. - External velocity and temperature distributions on
airfoils used for examples. &, 3.
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0 .2 .4 .6 .8 1.0
Mstance from leMLing edge, x
(b) Favorable pressure gradient.
































o .2 .4 .6 .8 1.0
Distance from leading edge, x
(b) Favorable pressure gradient.
Figure 7. - Average friction drag as a function of distance
edge. Q, 3.
from leading
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(a) Adverse pressure gradient.
-
\ < % 4—
—.
tr
r. , 1 1 1 , 1 1
0 .2 .4 .6 .8 1.0
Distancefrom leadingedge, x
(b) Favo=ble pressure gradient.
Figure 8. - Averagefrictiondrag coefficientas a functionof distance











—. ——. -—— .—— .—— —. ,— _






o .2 .4 .6 .8 1.0
Distance from leading edge, x
(b) Favorable pressure gradient.
























0 .2 .4 .6 .8 1.0
Distance from leading edge, x
(b) Favorable pressure gradient.
Figure 10. - Temperaturerecovery factor as a function of distance










(a) Adverse pressure gradient.
“, , 1 , 1 1 1
.— )VFlat plate, ~ = Ow
{
t //
I 2 4 6 8
Similarity parame ter, y~~ ‘2 ‘4 ~’
(b)Favorablepressuregradient.
Figure Il. - Velocityprofiles. ~, 3; x, 1.
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0 2 4 6 8
>’2 ‘4 ‘6Similarity-meter, y + v+
(b)Favo=ble pressuregradierrt.
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1.00 .2 .4 .6 .8
Distance from leading edge, x
(b) Favorable pressure gradient.
Figure U. - Ratio of displacement thicknesses as a
from leading edge. Md 3.
function of distance
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.2 .4 .6 .8 1.0
Distance from leading edge, x
Figure 14. - Comparisonof present results with results of reference n,
Zero heat transfer; adverse pressure gradient;~, 3.
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